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Abstract

This paper concerns Quine's classification of philosophies of mathematics as sketched in
"On what there is" and offers a new reading of Quine's view. In his famous paper Quine defines
three positions: Realism, Conceptualism, and Nominalism. Each of them, he says, has its modern
expression, respectively, in Logicism, Intuitionism, and Formalism. According to Quine these
foundational positions can be accepted or rejected on a clear and objective basis, according to
their distinctive ontological commitments. Consistent with his own criterion for ontological
commitment (buttressed by his view on impredicative definitions), Quine adopts the Realist (or
the Platonist) position in mathematics. Later, it is shown that genuine Intuitionism is not
definable by Quine but is easily defined in Vuillemin's classification scheme (in What are
philosophical systems? C.U.P., 1986).

In one of his most famous papers, “On What There Is’, Quine defines three
ontological positions in philosophy of mathematics: Realism, Conceptualism, and
Nominalism. Roughly speaking they can be associated, repectively, with three positions
in contemporary philosophy of mathematics, namely: Logicism, Intuitionism, and
Formalism:

Realism, as the word is used in connection with the medieval controversy of universals, is
the Platonic doctrine that universals or abstract entities have being independently of the
mind; the mind may discover them but cannot create them. Logicism, represented by
Frege, Russell, Whitehead, Church and Carnap, condones the use of bound variablesto
refer to abstract entities known and unknown, specifiable, and unspecifiable,
indiscriminately. Conceptualism holds that there are universals but they are mind-made.
Intuitionism, espoused in modern times in one form or another by Poincaré, Brouwer,
Weyl, and others,countenances the use of bound variables to refer to abstract entities only



when those entities are capable of being cooked up individually from ingredients
specified in advance. [...] Formalism, associated with the name of Hilbert, echoes
Intuitionism in deploring the logicist's unbridled recourse to universals. But Formalism
aso finds Intuitionism unsatisfactory. The formalist might, like the logicist, object to the
crippling of classical mathematics; or he might, like the nominalists of old, object to
admitting abstract entities at all, even in the restrained sense of mind -made entities. The
upshot is the same: the formalist keeps classical mathematics as a play of insignificant
notations.*

According to Quine, the ontological dispute in modern philosophy of mathematics is
clearer than the mediaeval controversy over universals because we possess a standard "to
decide what a theory or form of discourse is committed to: atheory is committed to those
and only those entities to which the bound variables of the theory must be capable of
referring in order that affirmations made in the theory be true."?

It is hard to imagine a simpler and clearer norm than the ontological commitment
criterion. "Existence is what existential quantification expresses. There are things of kind
F if and only if IxFx .".* But Quine's classification would be unintelligible without a
second logically subordinate criterion used but not explicitly formulated in "On what
there is’; this second criterion has to do with impredicative definitions, definitions
alowed by some philosophers and excluded by others.” | shall rely in what follows on the
definition of impredicativity given by Fraenkel:

A definition of set is called impredicative if it contains a reference to atotality to which
the set itself belongs. One may also say that a definition written in symbolsis
impredicative if it defines an object which is one of the values of a bound variable
occurring in the defining expression.’

The paradoxical class y of al classes x that are not members of themselves is
impredicatively defined. For if one lets the variable of quantification take y as a value, y
is presupposed in defining y, and we get Russell’ s famous paradox. Since the members of
the class y, are the non-self-members, the impredicative definition of y qualifiesy as a
member of itself if and only if it is not.® Following Quine's example, we must, however,
also insist on the harmlessness of the impredicative specification of the most typical Yae
man who is defined by the averages of Yale scores including his own.” So is it right to
say, as Fraenkel does about the axiom of separation of Zermelo's set theory, that it has the
awkward property of being impredicative? Where is the awkwardness in impredicativity?

Why, then, did the great mathematician Poincaré refuse impredicative definitions?
Saying that he did so because an impredicative definition entails a vicious circle is not
helpful. In fact Poincaré distinguished predicative and nonpredicative classifications. The



former cannot be changed by the introduction of new elements, the latter always runs the
risk of being undone by their introduction.® He rejected the existence of collections which
are at once infinite and only impredicatively defined.”® The impredicative specification of
Quine's most typical Yale man does not matter, but al the impredicative assumptions of
class existence in Zermelo's set theory are quite disturbing. According to Poincaré, what
is disturbing about the latter is the lack of security about the elements impredicatively
introduced in infinite collections by the Zermeloian definitions of sets:

[Mr Zermel o] does not have any scruples in talking about the totality of objectsthat are
elements of some Menge (set) M and which, moreover, fulfill a certain condition. He
thinks that he cannot have a Menge without having, therefore, al its elements at the same
time. Among all these elements, he will choose those fulfilling a given condition, and he
will be able to make this choice very quietly, without fear of being disturbed by the
introduction of new and unexpected elements, because he already has all of these
elementsin hand. Setting down in advance his Menge M, he has put up an outer wall
which checks intruders from outside. But he does not wonder whether he could have
enclosed intruders inside with him. If the Menge M has an infinity of elements, it does not
mean that these elements can be thought to exist in advance al at the same time, but that
new elements can continuously be born; they will be born inside the wall rather than
outside, that is all. When | speak of al integers, | mean al the invented integers and all
those which may be invented one day [...].And theinfiniteisthis"may be". [...] That is
why | can't be satisfied by Mr Zermelo's axioms. They do not only seem to me obscure,
but when asked whether they are free from contradiction, | am afraid | will not know
what to answer. The author thought he avoided the paradox of the greatest cardinal by not
allowing himself any speculation outside hiswell closed Menge -wall [...]. But if his
pigeons are very well locked up, | am not sure that he has not set the cat to mind them.*

How, then, does Quine classify the three foundational doctrines with the help of his
criterion of ontologica commitment? As | said earlier, we need in fact not one kind of
criterion but rather two in order to understand this tripartite classification. The ontological
commitment of a mathematical theory can be decided by knowing if (a) the theory
quantifies over sets which cannot be reduced to elements (i.e. the language of the theory
cannot be trandated into afirst order logic system like LPC) and (b) at least one axiom of
the theory isimpredicative or involves aimpredicative definition.

Since Zermelo’'s set theory satisfies both (a) and (b), it is a Patonist (or a Realist
theory). Wang's set theory, a theory that assumes (@) but rejects (b), is conceptualist. On
the other hand, Chihara interprets Wang's system as a no class theory, and believes that
such a set theory satifies neither (a) nor (b), and is nevertheless strong enough for
mathematics as well as being nominalist.



| turn now to the philosophical explanation of the use of the criteria for
classification above, and to determining whether each position is well founded. Bernays
rightly pointed out that Arithmetic presupposes at the very least the existence of the
totality of integers.”” And that is a Platonistic presupposition. That is why the axiom of
infinity and the axiom schema of separation of Zermelo's set theory make this theory
Platonistic: the axiom of infinity is the postulate of infinite set,”® a set that can be
considered as defined impredicatively via the axiom schema of separation. Finally, the
undenumerability of the set of real numbers adds transcendence to the nonconstructivity:
there is a nondenumerable infinity of real numbers in the Cantor-Zermelo universe and
therefore an infinity of real numbers beyond the reach of our cognitive faculties.
Conceptualism and Nominalism, on the other hand, reject mathematical transcendence as
being philosophicaly prejudiced. But whereas Conceptualism considers sets or
mathematical abstractions as results of mental activity, Nominalism denies any reality to
mathematical objects and to any sort of universals.

According to Quine's criteria, a predicative theory is conceptualist because it
guantifies over sets but avoids impredicative sets. On the other hand, a nominalistic
theory of sets would have to paraphrase every quantification over sets into quantification
over individual variables From a Quinian point of view, Conceptualism (i.e.
Predicativism, Constructivism), and Nominalism do not raise the same mathematical
difficulties. It is impossible to formalize completely mathematical induction without
second order quantification (i.e. quantification over predicates or sets).™ Therefore, the
nominalistic attempt to translate all mathematical knowledge into a first order theory
seems to be a waste of time. As Fraenkel said,’ "the difficulties in rephrasing all of
classical mathematics in nominalistic terms seem, and probably are, insurmountable”.

The conceptualist position appears less desperate. Predicative theories are
founded on a progressive construction of sets: an infinite denumerable totality of sets
(like @l the positive integers) is given at the first level and all the sets of higher levels are
defined by properties referring at most only to the totality of all sets of the level
immediately lower to the one defined. The first predicative system was the ramified
theory of types invented by Russell.”” But it is well known that Russell's addition of the
axiom of reducibility, necessary to express, for example, Cantor's theorem, mathematical
induction, or the theorem of the least upper bound, "has the effect of reinstating the whole
Platonist logic of classes'.”® In later predicative systems, the axiom of reducibility is
absent and the progression of orders is made cumulative and transfinite.® Lorenzen,
Bishop, Wang and Feferman have succeeded in increasing the mathematical power of the
ramified theory without the awkward axiom of reducibility. But under the restraint of
predicativity, Cantor's theorem remains nondemonstrable, as does the nondenumerability



of the set of real numbers.® Thus, this philosophy of mathematics would more or less
renounce a foundation for the totality of our mathematical knowledge.

Quine adopts mathematical Platonism, in spite of his initial nominalistic
temptation.” His philosophical position is based on a conservative Pragmatism. Because
Zermelo's set theory is as strong as it is simple, and, with its cortege of specifiable and
nonspecifiable real numbers, is required for the needs of natural sciences, Quine declares
himself a reluctant Platonist in mathematics. To be is to be the value of a variable, a
refrain tirelessly repeated by him, is the key to his mathematical Platonism: as long as a
theory purporting to be afoundation for all the mathematical truths without quantification
over impredicative setsis missing, it is precipitous to proclaim - as the pathetic title of a
recent French book does — the defeat of Plato. If the objectua interpretation of the
existential quantification (i.e. the standard reading of '($x)Fx’) is accepted, thereis no way
to avoid Quinian Platonism.

The objectua interpretation of the existential quantification is the crux of the
matter. Quine believes that the question of the ontological commitment of a theory can
really be asked only if atheory uses the classical form of quantification, or only if the
theory is trandated into this classical form. So the Quinian thesis of the indeterminacy of
trandation fits neatly with Quine's classification itself: Quine's system cannot express
every system which uses a nonstandard interpretation of quantification (1 will later show
how to understand *“nonstandard interpretation of quantification”), but is only able to
tranglate such into a classical quantificational language.” That is the reason why the set
theory of Chihara should be classified as "an off-side Nominalism" because it involves a
nonstandard interpretation of quantification.* Though a refutation of Quine's Platonism
could only be achieved within a Quinian framework, by using a non standard kind of
guantification Chihara has constructed a predicative alternative to Platonism. Of course,
this alternative needs a philosophical foundation in turn. If Nominalismis understood a la
Chihara it cannot be adequately captured in Quine's terminology.Though Chiharas set
theory gives off nominalistic signals, its interpretation of quantification is intuitionistic.
But here the word ‘intuitionistic’ has a"non-Quinian sense”.

In contrast to Quine, Vuillemin's classification of philosophical systems gives
both an explanation and a correct formulation of the nonstandard interpretation of
quantification theory presupposed by intuitionistic systems. Vuillemin bases his
classification of philosophical systems on eementary sentences necessary to
communicate perception. These are divided into propositions spontaneously picturing
reality and judgments expressing the speaker's subjectivity. This division mirrors,
respectively, dogmatic systems and systems of examination. The former describe the
nature of reality without regard to subjectivity; Realism, Conceptualism and Nominalism
are three dogmatic systems disagreeing about what thereiis.



The class of systems of examination, on the other hand, comprise two classes of
rival systems. The first one accepts objective truth and goes beyond subjectivity, while
the second strives hard to ruin belief in objective truth. The subjective series of
judgments explains this internal opposition. Genuine Intuitionism is a compound of
judgments of method; judgments of appearance are the foundation of Skepticism.
Cartesian doubt is the philosophical paradigm of judgments of method. According to
Vuillemin, ajudgment of method in a genuine intuitionistic system is a sort of theoretical
performative determining the ontology:

Judgments of method refer the existence of the object to the way in which it is known by
the speaker. Thus every ontological posit is associated with a characteristic method of
knowledge, without which it would make no sense. Let us call the possibility of referring
the object to its appropriate method of knowledge the possibility of experience in general.
The possibility of experience will become the unique highest category of an ontology,
when, as highest principle, we admit that the existence of any object is contingent on the
possibility of experience by which it is given. Intuitionism is the ontology which is
expressed by this principle.”®

We are now able to define the intuitionistic existential quantification in
accordance with judgments of method: '(3x)Fx' no longer means "there is an object
symbolized by the variable x and fulfilling the F property", but "there is a proof that an
object symbolized by x is fulfilling the F property”. In other words, contrary to
Platonism, genuine Intuitionism identifies truth with demonstrability, or, more precisely,
only objects for which there is a positive proof of existence are accepted in the universe
of discourse. Reductio ad absurdum alone cannot suffice to prove the existence of a
mathematical object since the law of excluded middle is not mathematically valid from an
intuitionistic point of view. We must therefore distinguish Conceptualism (which is
mathematically expressed by predicativism) from genuine Intuitionism, defined by
judgments of method, and, because of its nonstandard interpretation of quantification,
necessarily overlooked by Quine.®

This is more than a ssimple terminological question. Genuine Intuitionism is
essentially defined more by the rejection of law of excluded middle than by the
construction of predicative sets. Thisis so even though Beth has shown that Brouwer's set
theory is akin to a ramified type theory.”” Last but not least, it is doubtful that the
impredicativity of the most typical Yale man matters much from the perspective of a
Poincarean philosophy of mathematics. The impredicative specification of an object does
not worry Poincaré if its existence depends on something other than the impredicative
specification alone. As Quine himself said, "to specify is not to create". Since the most
typical Yae man can be constructed, nobody worries about the impredicativity involved



in his definition. Intuitionism rejects the existence of infinite and nondenumerable
totalities because it is beyond any decision method. "And where verification is missing,
mathematicians get no further than philosophers'® To follow Poincaré's thought, to be is
to be not only the value of a variable, but the result of some calculation. To sum up, it is
clear that the non-standard interpretation of the quantifiersis the most important aspect of
Intuitionism, and, indeed, is possible in an impredicative domain. This tolerance of
impredicativity is not a sign of any transcendance, but only a feature of a "semi-
predicative system".® With respect to Intuitionism, Vuillemin's method of classifcation
reveals the limits of Quine's because his reading of philosophical grammar is also
objectual and thus broader than Quine's ontological standard. Nevertheless, in terms of
what Vuillemin calls "dogmatism™ - philosophical systems paying no attention to
subjective access to the truth - the Quinean criteria are the more simple and best suited to
ontological analysis in philosophy of mathematics. They fit perfectly with Vuillemin's
description of dogmatic philosophical systems, that is to say the class which captures
Platonism, Conceptualism, and Nominalism. Platonism holds to the reality and the
transcendence of ldeas, Conceptualism accepts the reality of ideas but denies their
transcendence, and, Nominalism admits only universality of words or insigns, and reality
isnot ideas, but individuals or events. From alogical point of view, all dogmatic systems,
in Vuillemin's classification, adopt unambiguously a standard interpretation of
quantifiers, i. e. objectual quantification.
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